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Abstract. Partial wave amplitudes for production and decay of baryon resonances are constructed in the
framework of the operator expansion method. The approach is fully relativistically invariant and allow us
to perform combined analyses of different reactions imposing directly analyticity and unitarity constraints.
All formulas are given explicitly in the form used by the Crystal Barrel collaboration in the (partly
forthcoming) analyses of the electro-, photo- and pion induced meson production data.

1 Introduction

The perturbative approach to the theory of strong interac-
tion (perturbative QCD) cannot be applied directly to the
region of low and intermediate energies. In spite of many
efforts to create a non-perturbative formulation for QCD
from first principles, a final breakthrough has not yet been
achieved even if recent results of lattice QCD indicate that
this situation might change in the future. A necessary step
towards a better understanding of strong interactions is
undoubtedly a precise knowledge of the experimental sit-
uation and a correct classification of strongly interacting
particles.

In meson spectroscopy, considerable progress had been
made during the last ten years. A variety of experiments
lead to the discovery of a large number of new meson
states. In particular scalar states, very purely known 15
years ago, are now one of the most studied systems. As
a result, it is now possible to investigate systematically
the question if additional states expected from QCD like
glueballs or hybrids hide in the observed meson spectrum.
Although there is still no agreement on the classification
of scalar states, the number of reliable classifications is
reduced to quite small number (see [1-4] and references
therein). We expect that the new GSI facility will help to
resolve the remaining ambiguities completely.

A very important observation is that those meson res-
onances which can be interpreted as dominant qg states
are lying on linear trajectories, not only against the total
spin but also against their radial quantum number [5]. Ex-
citingly, this seems to be true also for baryons [6]. Almost
all known baryons lye on linear trajectories with the same
slope as that for mesons.
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Most information about baryons comes from pion- and
photon-induced production of single mesons. However the
experience from meson spectroscopy shows that excited
states decay dominantly into multi-body channels and are
not observed reliably in the elastic cross section. Thus re-
actions with three or more final states provide rich infor-
mation about the properties of hadronic resonances. One
of recent examples is the possible observation of a pen-
taquark [4] which up to now was seen only in reactions
with three or more final-state particles.

The task to extract pole positions and residues from
multi-body final states is however not a simple one. Main
problems can be traced to the large interference effects be-
tween different isobars and to contributions from singular-
ities related to multi-body interactions. In [7] an approach
based on the dispersion N/D method was put forward and
successfully applied to the analysis of meson resonances.
In this method allowed singularities in the reaction can
be classified, resonances which are closest to the physi-
cal region can be taken into account accurately, and other
contributions can be parameterized in an efficient way.

One of the key points in this approach is the operator
decomposition method which provides a tool for a univer-
sal construction of partial wave amplitudes for reactions
with two— and many—body final states. The operator de-
composition method has a long history. It was used for the
analysis of the reactions with three particle final states al-
ready in [8]. The full description of the method for the
nonrelativistic case was given in [9]. The full relativistic
approach for NN — NN(NA) and yvd — pn was de-
veloped in [10-12]. The construction of partial wave am-
plitudes for production of meson resonances in different
reactions can be found in [13-15].

In the present article we develop the operator expan-
sion method to describe baryon resonances in meson- and
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photon-induced reactions. The photon can be real or vir-
tual, we assume it to be virtual unless the opposite is
explicitly stated. The method is also very convenient to
calculate contributions from triangle and box diagrams
and to project t and u-channel exchange amplitudes into
partial waves. The latter feature is very important for
amplitudes near their unitarity limits where the unitar-
ity property must be taken into account explicitly.

The formulas given here reproduce exactly the am-
plitudes used by the Crystal-Barrel-ELSA collaboration
in their (partly forthcoming) analyses of single- and two-
body photoproduction reactions.

It must be emphasized that a wealth of data on baryon
resonances has been taken, is being analyzed or is going
to be produced in the near future. At MAMI in Mainz [16]
precision data were taken in the low—energy range which
will be extended to 1.4 GeV photon energies in the close
future. The GRAAL [17] experiment has produced invalu-
able data in particular using linearly polarized photons;
the SAPHIR [18] experiment at Bonn has published a se-
ries of papers covering many basic photoproduction cross
sections. The experiment is now replaced by the Crys-
tal Barrel detector [19] which had produced before many
results at the Low-Energy-Antiproton-Ring (LEAR) at
CERN. And, last not least, Jlab at Newport News/Virginia
[20] has accumulated high statistic data sets on photo- and
electro-production of a variety of final states. First high—
quality data have been published.

1.1 Orbital angular momentum operators
L

X/SII)JAZ---NAL—llJAL

Let us consider a decay of a composite particle with spin
J and momentum P (P? = s) into two spinless particles
with momenta k1 and ks. The only measured quantities
in such a reaction are the particle momenta. The angu-
lar dependent part of the wave function of the composite
state is described by operators constructed out of these
momenta and the metric tensor. Such operators (we will

denote them as X ff)# ) are called orbital angular mo-
mentum operators and correspond to irreducible repre-
sentations of the Lorentz group. They satisfy the following
properties [14]:

— Symmetry with respect to permutation of any two in-
dices:

(L) - x@)
X#l»»»#i---#j"v#L - Xﬂ'lvwﬂ'j"'#i»»»#L'

(1)
— Orthogonality to the total momentum of the system,
P =ky + ko.

L
PMXA(LL)»»M»»»#L

=0 (2)
— The traceless property for summation over two any
indices:

L _
g#iﬂ'ij(Ll-)-~Hi~~Hj“'HL = 0.

3)

Let us consider a one-loop diagram describing the de-
cay of a composite system into two spinless particles which
propagate and then form again a composite system. The
decay and formation processes are described by orbital an-
gular momentum operators. Due to conservation of quan-
tum numbers this amplitude must vanish for initial and
final states with different spin. The S-wave operator is a
scalar and can be taken as unit operator. The P-wave op-
erator is a vector. In the dispersion relation approach it
is sufficient that the imaginary part of the loop diagram
with S and P-wave operators as vertices is equal to 0. In
the case of spinless particles this requirement entails

s
2ix (M) —
/47r ® 0

where the integral is taken over the solid angle of the rel-
ative momentum. In general the result of such an integra-
tion is proportional to the total momentum of the system
P, (the only external vector):

(4)

42 o

I = A

(5)
Convoluting this expression with P, and demanding A = 0
we obtain the orthogonality condition (2). The orthog-
onality between D-wave and S-wave is provided by the
traceless condition (3); conditions (2,3) provide the or-
thogonality for all operators with different orbital angular
momenta.

The orthogonality condition (2) is automatically ful-
filled if the operators are constructed from the relative
momenta k1 and the tensor gjl,. They both are orthogo-
nal to the total momentum of the system:

1
ki_ = ig:_u(kl - k?)u

Gy = Gy —
In the center-of-mass system (c.m.s. from now onwards),
where P = (P, P) = (1/3,0), the vector k* is space-like:
k+ = (0,k)

The operator for spin J = 0 is a scalar (for example
a unit operator), and the operator for spin J = 1 is a
vector which can only be constructed from k,f The orbital

angular momentum operators for L =1 to 3 are:

0) _ 1) _ 7.1
xO=1, XxV=kr,
3 1
2 _ 1 4.1 2 1
X/SI)HQ - 5 <kul klu - § klgﬁuuz) ’
3 —
Xp(u);ulis - (7)

O 1 11 k/’f_ i i 1 1 L i
9 [kﬂlkﬂz /{:#3 - ? (gmuzkuz + p1ps kuz + guwzkm) } :

The operators X F(f),% for L > 1 can be written in form

of a recurrent expression:

L 1 7a
X,L(l,l.)..,u,[‘ = ka Z,ul...yL Y
L
oL — 1
a _ E (L—-1) Lo
ZMl---ML - 12 ( XHI---Hi—lHi+1-~-HLgM'La

i=1
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L
€L (L-1)
Z gHiM X

Moo g —1 fig1e-
i,j=1

i<j

T rmiza). (®)

Convolution equality reads:

xRl

m prtprn

=k XD (9)

HL—1"

Based on eq.(9) and taking into account the traceless prop-

erty of X ,(f,),,ML, one can write down the orthogonality-
normalization condition for orbital angular operators:

42 4y

A~ M- (kJ_) ()

(kL) = ‘Snma(L)kin

<M

Lool—1 (2L
O‘(L):ll:[l I - L!)

(10)

TIterating eq. (8) one obtains the following expression for
the operator X,Sf,),,uL:

X()

M1 M2 s Vg

(kT =a(L ){1& [ vl

ki 1 glgl i
<gmuzkusku4 ook +

2L -1
gM1p3k/’i_2kfi_4...k:L‘L +)+ (11)
(2L—1)(2L—3) U ot P
1l
gu1“29“3”0kﬂ4kuo"'kuL + ) +:|

The angular part of the amplitude for scattering of two
spinless particles (for example a 7w — 77 scattering) is
described as a convolution of the operators X (¥)(k) and

X () (q) where k and ¢ are relative momenta before and
after the interaction.

Xo ()X L (ah) =

1.

<\/%¢E)LPL<@ (12

Here Pp(z) are Legendre polynomials (see Appendix A)
and z = (ktqh) \/k_Q\/i which are, in c.m.s., func-
tions of the cosme of the angle between initial and final
particles.
A comment: one should be careful with expression \/E .
In c.m.s.,

W:JT@:M
(Vi ab)" =

1.2 The boson projection operator

" (1 lal)” (13)

Let us consider the imaginary part of the one-loop diagram
when particles interact with relative momentum p, then

propagate with momentum k, and interact for a second
time getting the relative momentum ¢q. The process can
be described by orbital angular momentum operators in
the form

dg?
X0 ) [ X

1 Xk X,

LEDXS L, ()

The projection operator Of!: /'L for the partial wave with
angular momentum L is defined as:

g
/ T K X, (65) =
a(L) 2L 1L
1 14
2L+1 iR Olll...I/L ( )
and satisfies the following relations:
1 _ L 1
X;(n) L(khyor-pe X() (k)
Ot ar 03‘5...5‘; = 053.’.’.’55 : (15)

Due to properties (15), the product of any number of
loop diagrams will be described by the same projection
operator. This operator has the same symmetry, orthog-
onality and traceless properties as X-operators (for the
same set of up and down indices) but the O-operator does
not depend on the relative momentum of the constituents
and does not describe decay processes. It represents the
propagation of the composite system and defines the struc-
ture of the boson propagator (its numerator). More details
on the properties of X and O-operators can be found in
[14].

Taking into account the definition of the projection
operators (15) and the properties of the X-operators (12)
we obtain:

1
oML — x (L)
V...V, a(L) V1.
This equation presents the basic property of the projection
operator: it projects any operator with L indices onto the
partial wave operator with angular momentum L.

The projection operator can also be calculated using the
recurrent expression:

Ky ook, o, (K1), (16)

oyt = o (35 g Ottt -
7,j=1
4
17
(2L— 1)(2L — 3) (17)
Z Gy G OB 5:;,11’31ﬁ;~.~ﬁ5L)
i<j
k<m
The low order projection operators are:
1L
O=1 Oy =9,
v_ 1oy L1 24
Ogﬁ = 9 (guagyﬁ + guﬁgya - gguugaﬁ) (18)
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1.3 The vector projection operator in the gauge
invariant limit

The sum over the possible polarisations of a vector particle
€,, with non zero mass corresponds to the vector projection

operator:
E EO{ *Oz

which means that there are three independent polarisation
vectors orthogonal to the momentum of the particle and
normalized as ejje)* = —1.

However photon polarisation vectors have only two in-
dependent components, its momentum squared is equal to
0 and therefore, the projection operator can not have the
form (19). The invariant expression for the photon projec-
tion operator can be only constructed for the interaction
of the photon with another particle. In this case it has the
form:

=0l = (19)

7

PP, kikr
glu.y - ZE = :“'Vi P2 - k/:i

where k7 is momentum of the baryon, ks -is momentum
of the photon, P = k; + k2 and

(20)

1 1 PP,
kji = §(k1 - k/)Q)Vgiu = §(k1 - kQ)V (gil/ - —= )(21)

In the c.m.s. with the momentum of v being parallel to
the z-axis, the g;,; L1 tensor has a very simple form:

00 00O
0-100
G = 00 —10 (22)
00 00O
where the vector components are defined as

= (E,pz,py: p2)-
The tensor (20) is orthogonal to the momentum of the
both particles:
Gy kop = Gy k1 =0 (23)
and it extracts the gauge invariant part of the amplitude.
For the real photon:

— A LLoz

Ay = Avgy e (24)

and the expression A,,g,f#l is gauge invariant:
A,jglJ,‘MJ‘kQ'u =0.

2 Fermions

The wave function of a fermion is described as Dirac
bispinor, as object in Dirac space represented by v ma-
trices. In the standard representation the v matrices have

the following form:
0 o 01
<_0.0)a 75(10) (25)

/(10
Yo = 0—1/

where o are 2 x 2 Pauli matrices. In this representation
the spinors for fermion particles with momentum p are:

1 ((poer)w),

wp) = 7= | " (po)w
sty = (0 ) —(po)e)
Vpo +m '

Here w represents a 2-dimensional spinor and w* the con-
jugated and transposed spinor. The normalization condi-
tion can be written as:

polarizations

(26)

u(p)u(p) = 2m u(p)u(p) =m+p (27)

We define p = p*r,.

3 The structure of fermion propagator

The wave function of a particle with spin J = L+1/2 and
momentum p is described by a tensor bispinor ¥,,, .., : it
is a tensor in Dirac space. As the tensor it satisﬁes the
same properties as a boson wave function:

p#ilpﬂ'l---#L =0
WMI---Mi---Mj---ML = WMI---M]‘---HZ‘---ML
Ipins Vs, =0 (28)

In addition the fermion wave function must satisfy the
following properties:

(ﬁ - m)wﬂlvwll«L =0

Vi wﬂl c L =0 (29)

Conditions (28), (29) define the structure of the fermion
propagator (projection operator) which can be written in
the following form:

Font(p) =

Here (m + p) corresponds to the propagator for a fermion
with J =1/2.
The operator REI:F'L describes the tensor structure of
the propagator. It is equal to 1 for J = 1/2 particle and
is proportional to gW 7# ;- /3 for a particle with spin
J=3/2 (v = g W)

The conditions (28) are identical for fermion and boson
projection operators and therefore the fermion projection
operator can be written as:

(m +p)Ry; Y (30)

ROy —ORIMTSSROL 6]
The Tgl E‘L operator can be expressed in a rather sim-
ple form since all symmetry and orthogonality conditions
are imposed by O-operators. First, the T-operators are
constructed only out of metrical tensors and y-matrices.
Second, a construction like Ve, Vo,

Yai Yo; = (32)

1
Oa;aj = 5 (’Yaifyaj

_gaiaj + O—Otiaj7

2

where — Ya,; Yeui)
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gives zero if multiplied with an O-operator (The first term
due to the traceless conditions and the second one due to
symmetry properties). The only structures which can then
be constructed are gq,s; and o4, g;. Moreover, taking into
account the symmetry properties of the O-operators, the
latter can be used as 04,3, :

L

H Yo, (33)

L+1( L
2L+1 quﬁl L+1 O¢1ﬁ1

1.0,

Bi..-BL

Here the coefficients are calculated to satisfy the condi-
tions (29) for the fermion projection operator:

T FUAE = B, = 0

M- #L Oél H1-.-HL
VISl = Fpr g

(34)
(35)

It is not necessary to construct the T operator out of
the metric tensors and o-matrices orthogonal to the mo-
mentum of the particle. Orthogonality is imposed by O-
operators. However, to use the same ingredients for all
operators, it is easier to introduce this property directly,
rewriting the T-operators as:

o L+1 L
T ﬁL = 2L+1( a1 L—l—l 041[51 Hga1ﬁ1 36)
n 1

3.1 Fermion propagator for an unstable particle

The numerator of a stable particle propagator has a very
simple structure in its c.m.s.:

- 10
m+P2m<00>.

Assume a resonance with an invariant mass /s (P? =
s). To maintain the orthogonality condition for the oper-
ators one should replace m — /s in eq. (30). Then, for a
resonance in its c.m.s.:

\/§+P=2\/§<(1)8).

(37)

(38)

Such a structure is divergent at large energies and it
is reasonable to regularize it with the factor 2M/(24/s)
or simply with 1/(2+/s) to provide a correct asymptotical
behavior. Therefore we use the following expression for
the numerator of a resonance propagator:

\/_+PRH1 uL

FLLHP) = Yoo

vy...Vy,

(39)

4 7N scattering

Let us now construct vertices for the decay of a composite
baryon system with momentum P into the 7N final state

with relative momentum k = 1/2(k; — ko) (here ky -is
the nucleon momentum). A particle with spin J¥ = 1/2~
decays into the mN channel in an S-wave, hence the or-
bital angular momentum operator is a scalar, e.g. a unit
operator. For the vertex we get:

a(P)u(ky).

Here u(P) is a bispinor of the composite particle and w (k1)
is the bispinor of the nucleon. A resonance with spin 3/2%
decays into 7N with an orbital angular momentum L =1
and the vertex must be a vector, constructed out of kf;

(40)

and vj. However it is sufficient to take only kj: first, due
to the properties (29) and second, due to the fact that the
projection operator (numerator of the fermion propaga-
tor) will automatically provide the correct structure. Thus
we obtain for the decay of particles with J = (L 4+ 1/2),
P= (-1t (1/2=,3/2%,5/27,7/2F,...) the expression

L (KD )ulks).

Let us call below this set of states where the total angular
momentum is given by the orbital angular momentum plus
1/2 as ’'plus’ or '+’ states. 'Minus’ or -’ states are defined
analogously (J = (L — 1/2), P = (-=1)L+1).

It is convenient to introduce vertex functions N i L
describing the decay of a resonance into a pseudoscalar

meson and a nucleon. Then for '+’ states:

L (K )u(ks)
= Xl(tf)#L (kL)

@Mln-HLX;(Lf.)..,u (41)

7 +
WulmuL Npl...;,a

Nt (B) (42)

The angular dependent part of the 7N — resonance —
7w N transition amplitude can be constructed in a very sim-
ple way: the vertex function describing the interaction of
the meson and the nucleon convolutes with the interme-
diate state propagator and the decay vertex function:
apNg o FELE(PNG, i

: (43)
Here N* is the left-hand vertex function (with two parti-
cles joining to one resonance) which is different from the
decay vertex function N* by the ordering of y-matrices.
(This is important for N, , ~vertices which will be given
on the next page). If ¢ and k are the relative momenta
before and after interaction and k; and ¢; are the corre-
sponding nucleon momenta, the amplitude for 7N scat-
tering via '+’ states can be written as:

A =
ﬁ(kl) X#l

(44)

LRV ELE B (P) Xy (07 Ju(ar) BW (s)

vr

where BW"(s) describes the energy dependence of the

intermediate state propagator. It is given, e.g., by a Breit-

Wigner amplitude, a K-matrix or an N/D expression.
Using equations (15) and (37) we obtain:

R R ACNAT S N
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P L i i :
P, (z)BWZ(s) (k1) \/25\—/%_ 2L+10-i/ (45) Therefore the vertex function can be written as
s _
Gy N, (K )u(ky) (55)
Kpaves 0 X (0 ) BW (5) L b g
Npl...;,LL,l(k’ ) = Z’Y5’YVX1/M1 ML—l(k ) (56)

The formulas for the convolution of X-operators with

one free index in each operator is given in Appendix B, leading to the following amplitude for the transition 7N —
eq.(167). Only the last, antisymmetric term, gives anonzero R — 7 N:

result:
S P ) A= )X o P s AL (P
ky (k) BW L _
) ) e P ) X 0, @ula) BWE (5) (57)
o kuqy
[(L FDP() — AP () ula)  (46) A
\/7\/7 2 )L-1 Vs+P a(l)
. = (\/k3\/a3) ' BW (s)ui(k1)
Let us now construct the vertices for the decay of com- 2y/s 2L-1
posite particles with spin-parity 1/2%,3/27,5/2% ... into . . UJ‘Vk:J-qj-
7wN. The state with 1/2% is a scalar in tensor space and [quAJ'L Pr_q(2) — b+ = k AJ‘PL 1 ( :|Uf(Q1)
decays into 7N with L = 1. Therefore this scalar should VEIVa

be constructed from ki‘ It cannot be kt = kf;’y# since

) Taking into account that
such an operator is not orthogonal to the 1/2~ state:

ilgt 1L 1
k = (k-q )+ awk#

a(P)k*u(ky) = a(P)(ky — aP)u(ky) =

e (- )
J_kj_

17 QV A~ 17
ki = kL + a(s)Py, (48) K “kz“fL Ve ( /_k\/7>

Pkq _s—i—m?\,—mfr

Here we used:

with a(s) =

2 2s (Remember z = (k1¢*)/(1/k% /¢%)) we obtain:
Changing the parity in fermion sector can be done by
adding a 5 matrix. Then the basic operator for the decay /k2 /q LBW s)aii (k1) Vs + p a(L) %
of a 1/27 state into a nucleon and a pseudoscalar meson 1) 2\/s L

has the form: [(LzPL_l(z) —(1=2)P_(2) +

’L"}/g,];?L (49) k/,L
A ki G (P + 2P ()]ugla). (59)

where k1 is introduced just for convenience. Indeed VATRYA'l
’lj,(P)’L"}%ffLu(k’l) = ﬂ(P)Z’Y5(k1 —a(s)P ) (k1) = Using the properties of Legendre polynomials (given in

a(P)ivsu(ky)(my + a(s)v/s). (50) Apjp)endix A) the final expression for 7N scattering due
to -’ resonances reads:

Let us denote the last expression in (50) as x:

2 Vs+Pa(l)
Xi = mi + a(s)y/s — (in c.am.s) m; + kio (51) - \/ki\/Z YBW (s)ui(k) 2v/s L %

1od,L
In'general one can also iJr_l‘Froduce another scalar expression [ LPL(2) uuku qu } Vs (ar) (60)
using y matrices and k—: VK Ve
‘Eijkl%'%‘kkL B (52)  Therefore the total 7N — 7N transition amplitude is
equal to:

where €511 is the antisymmetric tensor. However using the

properties of the « matrices: - — L \\/g n p ka[
.5 _ A= (\/ k1y/a1) t; (k1) h=—=—7=/f|u(an)
VY VY Ve = Eijkl Nt (53) 2/s VI E
one can show that this operator is identical to (49). _ [ o(L) LL1)BWH(s) + O‘(L)L BW= (s }P .
For the decay of systems with J = L — 1/2 into 7N h Z 2L+1( ) £ (s) L L (9)]Pr(2)
we obtain: P Z [ a(L) BWH(s) a(L) BW*(S)} PL(2) (61)
_ ' 5 = _ A
W/”‘l"'NL711/75,7VX1(/ﬁ3...,U,L71(kjl)u(kjl) (54) I3 2L+1 v L L
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Let us calculate the amplitude (61) in the c.m.s. of the

resonance where P = (1/s,0):

Vs+P

u; (k1) NG

up(q) =

((q1o+m)w’)
((kro+m)w*, —(kio)w*) (1 o) (quo)w’ )
Vkio+m 00 vVqio+m
XiX fw
— 1€ i 0 0 .
Oy = ( 0’ —igwjaj) = e o 1 (62)

Here, w and w’ are two-dimensional spinors of the initial
and final state nucleons. Thus

I Fuldv kugy

€pi———fo| w
"I k||l

A= (“D)M(Klla) yrT o [fa

Defining the vector normal to the decay plane as

_ kuay
h = o
we obtain the final expression
A= (=D (klla) w* xixs [fi +ilon)f2lw  (64)

When fitting 7N scattering data, the following expression
(defined in the c.m.s.) is often used

Arn = w" [G(s,t) + H(s,t)i(on)] o’

Gls,t) = Y [(L+DFS (s) = LF ()] Pr(z)
H(s,t) =) [Ff () + Fy (s)] PL(2) (65)

The FLjE are functions which depend only on energy. Com-
paring our expressions with (65) we obtain the following
correspondence:

Fif = (1) (k) KT ) BV ()
Fy = (D) v 2EBwi ) (60)

5 Operators for the decay of baryons into a
nucleon and a vector particle

A vector particle (e.g. a virtual photon v* or a p-meson)
has spin 1 and therefore the v*N system can form two
spin states with S = 1/2 and 3/2. In combination with
the orbital angular momentum, six sets of partial waves
can be formed

(~)fv T Loy =0,1,...
(—)fv T Ly =2,3,...
()Nt Loy =1,2,...

J=Lyn+ 2
J=1LyN— g

J:L'yN+§)

»n CQ CQ
Il
SICSNTERTES
YT
|

J=L,—-1% S=1 P=(-1)"T L y=12,..
J=L,—-1% 8=3% pP=(-1)"T Ly=12,..
J=Lyy+2 8S=3% P=(-1)"" Ly=01,...

(67)

5.1 Operators for 1/27, 3/2F, 5/27 ... states

Let us start from the operators for the '+’ states. A 1/2~
baryon decays into a baryon with J© = 1/2% and a vector
particle in either S or D-wave. In case of an S-wave decay
the orbital angular momentum operator is a unit oper-
ator and the polarization vector can be convoluted only
with a v matrix. However the v matrix changes the parity
of the system. To compensate this unwanted change an
additional v5 matrix has to be introduced. Therefore the
operator describing the transition of the state with spin
1/27 into a v and 1/2% fermion in S-wave is

u(P)ivuysu(ki)e, (68)

Here @(P) is the bispinor describing a baryon resonance
with momentum P, u(k;) is the bispinor for the final
fermion with momentum k; and ¢, is the polarization
vector of the vector particle. The operator (68) is a 1/2
spin operator and its combination with the orbital angular

momentum operators X Sf)“n defines the first set of the
operators (67):

o, (KD )ulkr)ey,

As before, ¥,,. o, is a fermionic bispinor wave function
with spin J = L+1/2, and k' is the component of the
relative momentum of the v*N system orthogonal to the
total momentum of the system. For these partial waves
the orbital angular momentum in the v*N system L,y
coincides with orbital angular momentum in 7N which
we denote as L.

The decay of a 1/27 state into a 1/2% and a vector par-
ticle in D-wave must be described by the D-wave orbital
angular momentum operator:

Doy ar Yuins XS (69)

U(P)y,ivs X2 (kT Yu(k)e, (70)

One can easily write down the whole set of such operators
with J=L,ny—3/2 by

(L+2)

@al...aL'yl/i’y5X,uua1...aL (kjl)u(k/’l)gﬂ

Remember that L is the orbital angular momentum in the
decay of a resonance into 7N (Lyny=L + 2).

The third set of operators starts from the total momentum
3/2. The basic operator describes the P-wave decay of a
3/27 system into a baryon and a vector particle. It has
the form

(71)

@H’Yui’Y5X£1)(kL)U(k1)EH (72)

The operators for a baryon with J = L,x+1/2 can be
written as

@Hal---aL—lnyi/y5XIS§)1...OLL71 (kL)u(kl)EM (73)
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In case of photoproduction rather than electroproduc-
tion the operators (71) are reduced due to gauge invari-
ance to those given in (69). Gauge invariance requires

epkiy = epkoy =€k =0 (74)
Using (29) we obtain

@a1..~aL’yVi75X;(£;_12.)..aL
—kla(L)
2L—1)a(L—2)

(k?L)“(k?l)Eu =
]I/thmaL 7ﬂi75X(§z€?..aL (kL)u(kl)Eﬂ (75)

Although operators (71) applied to the case of real pho-
tons produce the same angular dependence as the oper-
ators (69), the former can provide an additional energy
dependence which can be important for broad states.

It is convenient to write the decay amplitudes as a
convolution of the bispinor wave functions and the vertex
functions VA% i =1,2,3. Then eqns.(69,71,73) can be
rewritten as

Doy, VI (K Yu(kr)e,

1L Y p...«x

VA (k1) = yuis X, () (76)
VDR (k1) = 3 X(EED (k)
Vagg-‘r)olf[, (kjl) = 7”175)(153)10([‘71 (kL)gtaL

In the helicity approach the property discussed above means

that a 1/2 state is described by only one helicity ampli-
tude while states with higher spin are described by helicity
1/2 and 3/2 amplitudes.

5.2 Operators for 1/2%, 3/27, 5/2% ... states

A 1/2% particle decays into a fermion with J¥ = 1/2%
and spin-1 particle in relative P-wave only. The operator
for spin 1/2 of the v*N system can be constructed in the
same way as the corresponding operator for the +’-states.
The P-wave orbital angular momentum operator must be
convoluted with a y-matrix. In this case, the 75 operator
is not needed to provide the correct parity. The transition
amplitude can be written as

ﬂ(P)vgvqu(l)u(kl)su

and the operator for the state with S = 1/2 and J =
L,n — 1/2 has the form

(77)

T L
wal»»»aL—l/-YE,YﬂX( )

gonap 1 (B )u(kr)e, (78)
with L = Lﬂ-N = LVN'

For the 'minus’ states, the operators with S = 3/2 and J=
L.,n—1/2 have the same orbital angular momentum as the
S = 1/2 operator. However here the polarization vector
convoluts with the index of the orbital angular momentum

operator. Then

%

041...04L71X;(Lé)1...aL,1(kL)u(kl)EH (79)

The third set of operators starts from total spin 3/2. The
basic operator describes the decay of the 3/2~ system into
the nucleon and a photon in relative S-wave. Thus

@#u(kl)sﬂ, (80)
and we obtain the set:
@QI»»»QL—IXéLQ/:i)L,1 (kL)g;pu(kl)E# (81)

Remember that for these states L = Ly + 2.

For real photons the operator (79) vanishes for J =
1/2%; for higher states these operators provide some ad-
ditional energy dependence in the partial waves (81). For

. . . 11— .
convenience we introduce vertex functions Vogl)éf L, L=
1,2,3 as it was done in the case of '+’ states

7, Al

1---XL—-1 "7 povy...o00f, — 1

(kL)u(kzl)Eu

_ L
VA (k) = e XS L) (82)
Ve (ke =xE L (k)

B

1.1, —1

(kJ_) = thgiQa)Lfl (kl_)gi_ly.

6 Single meson photoproduction

The amplitude for the photoproduction of a single pseu-
doscalar meson (for the sake of simplicity let us take the
pion) is well known and can be found in the literature
(see for example [21] and references therein). The general
structure of the amplitude is

_ * /
A=w"Jew

sm-jaikj
|k||q]

k
|(ka||(i| Gt if4%"“
(83)

Ju:iflau'i'fQ(Uq) +if3

where q is the momentum of the nucleon in the 7N chan-
nel and k is the momentum of the nucleon in the vV
channel calculated in the c.m.s. of the reaction and o; are
Pauli matrices.

The functions f; have the following angular depen-
dence:

fi(e) =
i[LM; P () + (L + DMy + 1P, (2)
Fal2) = Li;[w FUMF 4 LM P ()

o) = i[Ez — MFVP () + (B + MR (2)
£i(2) = SOIMY — EBf - M - ELIPLG),

L=2

(84)
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Here L corresponds to the orbital angular momentum
in the 7N system, Pp(z) are Legendre polynomials z =
(kq)/(k||q|) and Ei and M7 are electric and magnetlc
multipoles descrlblng tran51t10ns to states with J = L +
1/2. In the following we will construct the YN — 7N
transition amplitudes using the operators defined in the
previous sections and show that in c.m.s. these amplitudes
satisfy the equations (83, 84).

6.1 Photoproduction amplitudes for
1/27, 3/2%, 5/27 ... states

The angular dependence of the single-meson-production
amplitude via an intermediate resonance has the general
form

()N, o, (4@

Here ¢; and k; are the momenta of the nucleon in the 7NV
and YN channel and ¢+ and k't are the components of
the relative momenta which are orthogonal to the total
momentum of the resonance.

If states with J = L + 1/2 are produced from a yN
partial wave with spin 1/2 one has the following expression
for the amplitude:

AT(1/2) = u(q) X, (a*)
Fr o (PYyis X5 5 (K )u(ka)e BW (s) (86)

LY Eg e (PYVAR (kL Yu(k)e, (85)

where BW (s) represent the dynamical part of the ampli-
tude. Taking into account the properties of the projection
operator this expression can be rewritten as

%Wsu(kfl)s# =

) QLL—Tl & anlg)x ) o, (k) -

ST 70X B (€ XED, o (6]
M'y“i’)ﬁu(k’l)fﬂ (87)

2V/s

Using the expression for the convolution of two X-operators

with two external indices (as given in Appendix B) one
obtains
L+
AT(1/2) = kL)L
(1/2) = algr) s (D) (Ve Y
P’( ) 9o ks
Pr(z) — OB }
1) \/7 VEL)
s+P .
%vmzﬂ(mf—:wwe) (38)
In the c.m.s.
_ s+P -
U(Ql)\/;T’YuWE)U(kl)Eu —/XiXriw* (g;0:)w" (89)

holds, leading to

AT (1/2) = W XXy ;L—EQ(L)Z(—&)(\/(]T\/]C_J_)L
/ 1L
UiPL(Z) + i;—Lgaﬁﬁaﬁaiﬁjk—L)}w/BW(S)(go)

Here all vectors are three-dimensional. Using in addition
the properties of Pauli matrices

0i0j = (51']' + iEiijk (91)
one obtains the final expression
AT(1/2) = — i kL)E
(1/2) XiXf 2L +1 i(VatV
. / Eiijjkm /
(i3 (LA DP2) +2PL(2)) + (o) R P (2)
w' BW (s) (92)

Taking into account the properties of the Legendre poly-
nomials (given in Appendix A) the amplitude can be com-
pared with equations (83), (84). One finds the follow-
ing correspondence between the spin operators and mul-
tipoles:
k
B = (1)t oy ) (Mla” gy,

MW = g (93)
In the case of photoproduction, only two N operators
are independent for every resonance with spin 3/2 and
higher (for J = 1/2 states there is only one independent
operator). For the set of J = L 4 1/2 states the second

operator has the amplitude structure

AT (3/2) = u(q)XE) ,, (a)F

5, (KT u(ky ), BW ()

P)
A
Yeirs X g 5 (94)

Using expressions given in Appendix B one obtains the
multipole decomposition

K||a)*

@ _ L e L) (Kla)” o

L = COXXS 5p7 g BW )
EJF(Q)

M = (95)

6.2 Photoproduction amplitudes for
1/2%, 3/27, 5/2* ... states

The YN — wN amplitude for states with J =L —1/2 in
the 7N channel has the structure

B u ) L 1.0 —1
AT(1/2) = a(q)reinsXiE) o (aDFS s (P)
’yg’yMXf([I;l)ﬂLfl(k:L)u(kjl)EuBW(S) (96)
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For amplitude (96) we find the following correspondence to
the multipole decomposition (see Appendix B for details):

_ a(L
B = (0" xS B ()

My = g (97)
Amplitudes including spin 3/2 operators have the struc-

ture
A7 3 2 = U ; X(L) € Fal...aL,l P
( / ) U((h)’}/gl’}/g, 5041“.&1471((] ) Hﬁ2~~~ﬁL—1( )

L—2

Xy, (b Julka)e, BW (s) (98)
Using expressions in Appendix B the decomposition of this
amplitude into the multipole representation is the follow-
ing:

B = 0y Il S

M;® =0 (99)

6.3 Relations between the amplitudes in the spin-orbit
and helicity representation

The helicity amplitudes A'/2 and A3/2 are of course dif-
ferent from the spin 1/2 and 3/2 amplitudes A*(1/2),
A*(3/2). For '+ multipoles the relations between the he-
licity amplitudes and multipoles are

1
AY? = 5 (LM + (L +2)B])

A3/? % L(L+2)(Ef — M) (100)
For the ’-’ sector the relations are
AV = (L4 )M~ (- )E;)
A3/ = — %\/(L—l)(L—&—l)(EL* + M) (101)

For '+’ states we obtain the following decomposition of
the spin 1/2 amplitude (93):

A3 = 0 (102)
Obviously the spin 1/2 state can not have a helicity 3/2
projection. For the spin 3/2 state one gets

L+1_ 10
Al/QZ_TEL()

1 /L+2
A2 = RS e ®

N T (103)

The ratio of the helicity amplitudes can be calculated
directly if the ratio of the spin amplitudes is known. The
BWT(s) in both amplitudes is an energy dependent part

of the amplitude which depends on the model used in the
analysis. If a resonance is produced and decays with radius
r the regularization of the amplitude can be done with,
e.g., Blatt-Weisskopf formfactors (see Appendix C). If we
also explicitly extract the initial coupling constants g; /o
and g3 /o for the spin 1/2 and 3/2, then the expression for
the total amplitude for '+’ states has the form

L+ _
Atot -

(9172 AT(1/2) + g3/2A7 (3/2)]

(104)
BW (s)
F(L,q1,r)F(L, k1,r)

In this case the multipole amplitudes can be rewritten as
following:

B = (105)

a(L) (klla)®

BW (s)
-5 /x;
(DM VXXS 5 1 1

F(L,¢2,r)F(L, k2, 1)/

Ef® = (106)

a(L) (klla)®

BW (s)
-5 /xa
(DM VXXS 5 1 L

F(L, 2, r)F(L, k2, r) %/

From (102) and (103) one can calculate the the ratio be-
tween helicity amplitudes for '+’ states:

o WECE®
N o - L

Az Lapt® (L4 1)E] 1+2R

This ratio does not depend on the final state of the photo-
production process and is valid for any photoproduction
reaction.

In the case of the ’-’ states we get for the spin 1/2
amplitude:

A1/2 — _ LEZ(l)
A3 = 0 (108)
and for the spin 3/2 amplitudes
A2 — EEL*(?)
2
1 _
A3/2 = 5VI DT +DEL @ (109)

Here the production vertices have the different orbital an-
gular momenta and therefore:

A—(1/2)
F(L,k2,r)

A+ (3/2) BW (s)
93/2F(L*2, ki7r)i| F(L, qi; T)

AtLo? = [!]1/2
The multipole amplitudes can be rewritten as follows:
E;(l) _

(-1 xaxy [kI*|al

(110)
(L) BW (s)
2 F(L,¢,r) F(L k2, )72
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—(2) L L—2| L a(L - 2)
E =(-1 ; k _—
L ( ) \/XzXfl | |Q| ([ 1)[

BW (s) g
F(L,¢%,r) F(L—2,k2,r)7%?

(111)

For the ratio of helicity amplitudes one obtains:

a2 LDy E;Y L+l 1
1/2 1 (2 —(1) _
Al/ %EL()_’_LEL() L—-—11+4+2Rk
(112)
where
(2L —1)(2L —3) . o F(L—2,k2,7)
= k 11
S 772 R A s R

7 Operators for the decay of a baryon
resonance into pseudoscalar meson and a
baryon with spin 3/2

The spin of a pseudoscalar meson and of a baryon with
spin 3/2 combine to a total spin 3/2. In combination with
the orbital angular momentum operators four sets of par-
tial waves can be formed:

J=1La-3/2,S=3/2,
J=La+1/2, S=3/2,
J=La—1/2, S =3/2,
J=1Lar+3/2, S=3/2,

7.1 Operators for 1/27, 3/2%, 5/27 ... states

A 1/27 particle decays into a J© = 3/2%-particle and
pseudoscalar meson in D-wave. Only one of the indices of
the orbital angular momentum operator can be absorbed
by a y-matrix. Again, to compensate the change of parity
due to the y-matrix one has to introduce an additional 7s-
matrix. The operator describing the transition of a state
with spin 1/27 into a 0~ and a 3/2" state is

a(P) ’L")/5’}/VXP(L2)WHA

” (115)
where 1, is a bispinor describing an initial state and Wf is
a vector bispinor for the final spin-3/2 fermion. The first
set of operators (114) derived from eq.(115) reads

g/al...aLAfz Z.’Y57VX(LA)

A —
WalmaLAJLT/H La=2,3,..(116)
However it is again convenient to rewrite this expression
using the orbital angular momentum L. In this case La=
L+ 2, and

Uy .oar, 150 X2 02 L=0,1,... (117)

The second set of operators starts from total spin 3/2. The
basic operator describes the decay of the 3/27 system into
A and pion in a P-wave. It has the form

@a 1757UX(1) : WMA

v gozu (118)

The second set of the operators (114) can be written as
(here Ly = L)

(L) 1

@al---OéL i75’YUXua2...aLgaluw;,aA L = 17 27 e (119)

Thus the vertex functions for '+’ states are

Ty oo, NG W2 NGO = i, X (L2

proy ..o
— i’Y5’YuX(L)

1
l/ag...aLgal,u

(120)

N@Hp
1

1.0,

7.2 Operators for 1/27, 3/27, 5/21 ... states

A 1/2% particle may decay into a J¥ = 3/2% baryon and
0~ meson in P-wave. In this case the P-wave orbital angu-
lar momentum operator must be converted with the vector
bispinor WMA. The 75 operator is not needed to provide a
correct parity for the state. Then

u(P)X Vw2 (121)

The operator for the state with S =3/2 and J =L —1/2
(L = La) has the form
xh v L=1,2

@0‘ Q... 17 gLy (122)

1...000—1

As before, the second set of operators starts from total
spin S = 3/2. The basic operator describes the decay of
the 3/2~ system into a 3/2T particle and pion in S-wave.
Thus

b, (123)
and we obtain for this set
T L A
%m_umxgylf)&% v La=0,1,... (124)

Here L = L o + 2 and the amplitude can be rewritten as

Uoyoar o XET2 gu 0 L=2.3,... (125)
The vertex functions for ’-’ states are given by:
7 i A 1- L
Wal---aL—thgq..).gLflw,u Na(tlvn)g[,—l = Xl(tll)l---(lL—l
2— L—2 1
N0(t1...)51,71 = X(Szz...oz)Lflqup‘
(126)

7.3 Operators for the decay into states with different
parity

The operators given in the previous sections provide a full
set of operators for the decay of a baryon into meson with
spin 0 and fermion with spin 3/2. Indeed, for construction
of operators only the total spin of the system plays the
role. Thus the operators for J* — 07 4 3/2% decays have
the same form as the operators for J+ — 07 + 3/27,
J™ — 0T +3/27 and J~ — 0~ + 3/2~ decays.
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8 Double pion photoproduction amplitudes

Let us construct the amplitudes for double pion photopro-
duction. Here reactions as shown in Fig. 1 are taken into
account where the decay into the final state proceeds via
production an intermediate baryon or meson resonance.
The general form of the angular dependent part of the

Yp-R R, pnm

Fig. 1. Photoproduction of two mesons due to the cascade of
a resonance

amplitude for such a process is

a(ql)NaL..an (Ry— NN)FEI.::an (@1 +q2)
N0 (Ry — pR) FQ g (Y,
P=q+q@+qg=F+h

(B —7N)

u(kr)e (127)
The resonance Ry with spin J = m + 1/2 is produced in
N interaction, propagates and then decays into a me-
son and a baryon resonance Ry with spin J = n + 1/2.
Then the resonance Ry propagates and decays into the
final meson and a nucleon.

In the following the full vertex functions used for the
construction of amplitudes are given here for convenience
of the reader. One should remember that the N functions
are different from N-functions by the order of y-matrices.
For R — 0+ 1/2" transitions

T+ _ n NT— . n+1
Ny = ;(n?wn Niopin _27”75X'Eu1---)un (128)
holds, while we have
N%j;éé = mvsX%Z;;f?..% N%‘;é: = X%ZT.B%
2+ . n (22— n—
Nal,..gn = Z’YV’Y5XU0(2...OLTLgi_1H Nal...(gn = qu...angi‘w
(129)
for R — 0™+ 3/2% transitions, and
1 . n 1— n+1
VAT = i X5, VAT = vngg(ai,_)an
2 . n+2 2— n+1
Va(c§+gbn = '71/@'75X;(LV3:11.)..Q,1 Vaglggbn - X,L(Lo:.l.,)an
VO = i XSat e g, Ve 2 = X870 gk,
(130)

for R — 17+ 1/27" transitions. Here n is related to the
total spin of the resonance by J =n +1/2.

8.1 Amplitudes for baryons states decaying into a 1/2
state and a pion

In this section explicit expressions for the angular depen-
dent part of the amplitudes are given for the case of a
baryon produced in a yv*NN collision. The baryon decays
into a pseudoscalar particle and another (intermediate)
baryon with spin 1/2 (decaying in turn into meson and
nucleon).

8.1.1 The 1/27, 3/2%, 5/27 ... states

The amplitude for a '+’ state (Ry) produced in a y*N
collision in a partial wave (i) decaying into a 0~ meson
and an intermediate 1/27 baryon (Rs) has the form

Qita+v/S12 oo (gt)
2\/5 a1...001, ql
..o i+
Fgrs e (PPl (ke Julk e,
_ cal G1+G2++/512 (L) 1 \/g'f‘p
= ATRTVZ
ular) G137 — — oo (417) NE
(131)

RG:5EVa s, (R ulko)ey,

AY = a(q1) N (gi)

where the k1 and ¢; are the momenta of the nucleon in
the initial and the final state, k* = 1/2(k; — k2)* and
gt = 1/2(q1 + g2 — q3)* are their components orthogonal
to the total momentum of the first resonance R;. Further,
s12 = (q1+¢2)? and the factors 1/(24/s) and 1/(2,/512) are
introduced to suppress the divergency of the numerator
of the fermion propagators at large energies. The relative
momentum gis is the component of ¢; and go orthogonal
to the total momentum g; + go. It is given by:

L1 (@1 + @)t + ¢2)v
The vertex functions (128)-(129) are given for the case
when the nucleon wave function is placed on the right-
hand side of the amplitude. Therefore the order of the
~y-matrices needs to be changed for the meson-nucleon ver-
tices in eq.(127).

If the baryon Rs has spin 1/2~ one has to construct the
vertex for decay of '+’ states into a 0~ and a 1/27 particle.
However such operators coincide with the operators for the
decay of -’ states into a 0~ + 1/2% system. Therefore

N - - G1+G2++/512 ~_
AD = 7(q)NT(gi5) N (a1)
Fgrose (Pl (k Yu(kn)e, =
a(q) Q1+2(I2+\/512Z.
V512

Fr oo (PYVIE (kL Yuk e,

Y ys XSEFD (i)

(133)

In case of the photoproduction with real photons, the
Véfﬂﬂi vertex is reduced to Vﬁ(lwgz , and can be omitted.
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8.1.2 The 1/2%, 3/27, 5/2% ... states

If a ’-’ state is produced in a v*N interaction and then
decays into a pseudoscalar pion and 1/2% baryon the am-
plitude has the structure

g1+42++/S12 ~_
NOL1...O¢[,71 (qf_)
2‘/812
Fgra (P (ke =

G1+Ga++/512 .
Y iy s XS L ()
2,\/512

ap...op - (i—)p
FﬁllnﬂLLf 11 (P)Vﬁl ..BrL-1

AV = a(q) N~ (gi2)

u(q1) idi7s

(kH)u(kr)e, (134)

If the intermediate baryon has spin 1/2~ then:
G1+G2++/512 &4 N
2\/5 al...aLfl(Q1)
Qi...o 1 (i—) 1L _
Fﬁl,,ﬂLL,l (P)Vﬁl...:L,l(k )U(kl)fu =
_ q1+q2++/s12
() — =X o, (ai)
2,\/512
F3!

gt Py (K ulk e

AW = a(q1) N7 (aiz)

(135)

For photoproduction with real photons only amplitudes
with V=) and V3-) vertex functions should be taken
into account.

8.2 Photoproduction amplitudes for baryon states
decaying into a 3/2 state and a pseudoscalar meson

Experimentally important is photoproduction of resonances
decaying into A(1232)7 followed by a A(1232) decay into
a nucleon and a pion.

8.2.1 The 1/27, 3/27%, 5/27 ... states decaying into a
meson with spin 0 and a baryon with spin 3/2

The 4’ states produced in a v* N collision can decay into
a pseudoscalar meson and an intermediate baryon with
spin 3/2% in two partial waves. The amplitude depends
on indices (ij) where index (i) is related, as before, to the
partial wave in the yN channel while index (j) is related
to the partial wave in the decay of the resonance into the
spin 0 meson and the 3/2 resonance Ra.

A = u(qr) N (ai2) ) (a1 + 42) NOTX, (i)

i+
Fr =0 (PYVIHE (kL yuka ey, (136)

If the intermediate baryon Ry has J© = 3/27, the
structure of the amplitude structure is

AG)
gt

=u(q1) Ny (a12)F (1 + a2) N9 %, (af)
SE(PYVR (K ulky)z, (137)
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8.2.21/2%, 3/27, 5/2% ... states decaying into a 0~
meson and a 3/2" baryon

The amplitudes for ’-’ states decaying into 0~ meson and
3/2" intermediate baryon are

A = a(q) Nif (gi) F(qr +a2) N2 (at)
Ft st (PYVATR (ks )ey (138)

and if the intermediate baryon Rs has the quantum num-
bers 3/2~

A = a(q) Ny (i) Fo(qn +a2) NP2 (at)
Fos i (PSR (ki u(ky ey (139)

9 t- and u-channel exchange amplitudes

Meson exchange in the t-channel plays an important role
in both, in photoproduction and in pion induced reactions.
Especially at large energies this mechanism dominates. In
the resonance region we expect that production of baryon
resonances in the s-channel dominates the interaction, at
least when neutral mesons are produced. Nevertheless the
t- and u-channel exchanges must be taken into account
carefully.

The most strait-forward parameterization of particle
exchange amplitudes is the exchange of Regge trajectories.
For construction of a cross-symmetrical amplitude it is
convenient to use the variable

1
v= E(s—u).

The amplitude for t-channel exchange can be written

as
a(t)
v
() oo

Here g; are vertex functions, «(t) is the function which de-
scribes the trajectory, vg is a normalization factor (which
can be taken to be 1) and £ is the signature of the tra-
jectory. The Pomeron, fy and 7 exchanges have a positive
signature while p, w and a; exchanges have a negative one.

Accordingly, the Reggeon propagators can be written

as
e—iZa(t) v\ @)
sin(Za(t)) \ o ’

,L'e—i%oz(t) v a(t)
cos(Fal(t)) (1/0)

where '+’ and -’ indicate the signature of the Regge-
trajectories. To eliminate the poles at ¢ < 0 additional
I'-functions are introduced in (141). If the Pomeron tra-

jectory is taken as 1.0 + 0.15¢ [22], negative ¢ poles are at
a=0,—2,—4,... and therefore

sin (ga(t)) s sin (ga(t)) r <@>

1+ Cexp(—ima(t))
sin(mwa(t))

A= g1(t)g2()

R(+,v,t) =

R(—,v,t) = (141)

(142)
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For the pion trajectory «(t) = —0.014 + 0.72¢ [22], and
the negative poles are at a = —2, —4,.... Regularization
must be taken as

sin (ga(t)) — sin (ga(t)) r (? + 1) (143)

For p, w and a; exchanges the negative poles start from
a = —1 and therefore

cos (ga(t)) — COS (ga(t)) r <@ + %) . (144)

9.1 Single meson photoproduction due to p and w
exchange

In the following, the 4-vectors of the initial photon and
proton are denoted as k1 and ko and 4-vectors of the final
state nucleon (e.g. proton) and the meson (e.g. pion) as
¢1 and g9 respectively (see Fig. 2). The photon couples to
the 7~ p(770) system in a P-wave, and the corresponding
amplitude for upper vertex is

Aupper = EuPapaBy 9248 k2'y ) (145)
where p,, is the polarization vector of p-meson.
Another vertex in this diagram describes the transition of

p(ky) p(dy)
Fig. 2. The t-channel exchange diagram for single meson pho-
toproduction

the proton and the p-meson into the final proton. Such a
transition has the same vertex structure as the transition
+*N to a nucleon at the lower vertex:

Al = a(q)V Ok yulkr)p, i=1,2
1 Quge 1 q1pqiv
kl# - k/’ly (g;w - q% ) = §(k1 - k?t)u(!];w - q% )
(146)

Here k; = ks — g2 = q1 — k1 is the p-meson momentum of.
Summing over its polarizations yields

>

polarization

kta ktﬁ

PaPs = Jop =~ (147)

we obtain the following expression for the amplitude:

AT = Ep€uaBy 9248 k2'yﬂ(Q1)V(i7)a(k%)u(kl) 1=1,2
(148)

The same amplitude structure corresponds also to w- ex-
change.

9.2 Double meson photoproduction due to p and w
exchange

Let us consider photoproduction of two meson (e.g. pions)
due to p exchange in t-channel with a 1/2 resonance in the
intermediate state (see Fig. 3). In this case we should add

p(ay)

pky

Fig. 3. The t-channel exchange diagram for double meson pho-
toproduction reactions

to eq.(148) the 1/2 propagator and the vertex for decay
of this resonance into final meson and nucleon:

G1+Go++/s12
2\/512
(149)

A = ep€uapy @35 kaya(a1)N* (4i2)

VB ebu(k),  i=1,2

with ki, = k1 (9 — (@ + @2) (@1 + q2)0/512).
The definition of g5 is given in (132). The ’-* amplitude
corresponds to production of a 1/2% intermediate state
while the '+’ amplitude corresponds to production of a
1/2~ intermediate state.

Two-meson photoproduction due to p exchange in t-
channel with a 3/2 resonance in the intermediate state can
be easily obtained following the procedure given above. In

A = ep€uasy a3 karulan) NE (4i2)
Fi(q+ @)V (ki u(ky)  i=1,2,3 (150)

the - amplitude corresponds to a 3/27 intermediate state
and '+ amplitude to 3/2T intermediate state.

The examples of other t-channel and u-channel ex-
change amplitudes exchange amplitudes used in the anal-
ysis of the single and double meson photoproduction are
given in Appendix D.
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10 The cross section for photoproduction
processes

The differential cross section for production of two or more
particles has the form:

(2m)* A2

4 (k1k2)2 — m%m%

do =

dén(kl + kQ;qla .. aqn)

(151)

where k1 and ko are momenta of the initial particles (nu-
cleon and  in the case of photoproduction) and ¢; are mo-

menta of final state particles. The d®,,(k1 + k2, q1, ..., qn)

is the element of the n-body phase volume given by

A, (ky + ko, qu, -, qn) = 0% (k1 + ko — Z%)

i=1
. d*q;
—_— 152
UG, 09
The photoproduction amplitude can be written as

A=c¢e,u; A ug (153)

where ¢, is the v polarization vector and #; and uy the
bispinors of the initial and final state nucleon. When the ~
and nucleon polarization are not measured the amplitude
squared is equal to

|A]? = i d A= i > epenul A ukuk Al (154)
ajk ajk
where one averages over the polarization of the initial and
sums over the polarization of the final state particles. A"
is the hermitian conjugate amplitude.
For the unpolarized real photons:

1L
_Zga&_a:gLL:g _ BBy _kuku
uEv = Juv Hy T p2 k2

«

(155)

with P = k1 + ko and

1 1 P PI/
kt = §(k1 - k?)ugiu = §(k1 - kQ)V (gi’ o ;72 )

Let us remind that in the c.m.s. with the momentum of
being parallel to the z-axis:

0 0
0 0

giuL 0 0 . (156)
0 0

The bispinors of fermions with momentum k; summed
over polarization are convoluted (taking into account nor-
malization (27)) and yield

Z uj(kzl)ﬂj (1{31) =m+ 1%1 (157)

and therefore

1 7. 7. r
A2 = 293P |(m + k) Au(m + k)AL | . (158)
In case of a polarised target the density matrix of the
fermion propagator (m + k1) must be changed to the po-

larization density matrix:

m+k — (m+k)(1—~59) , (159)

where the 4-vector S is the polarization vector of the tar-
get. When a « is linearly polarised along the x-axis the
polarization vector is: €, = (0,1,0,0) and we do not need
to average over two polarizations. Then one has to change
(158) by substituting

0000
1, 0-100
PREZ 0000 (160)
0000
If one has a circular polarised beam
00 00O
1, 1[0-1-i0
29w 7 3 0i —10 (161)
00 00O

11 Conclusion

In the present paper the operator expansion approach
has been developed for the construction of amplitudes
for pion- and photon-induced reactions. The method is
relativistically invariant and can be easily applied to the
construction of amplitudes with multi-body final states.
For production of pseudoscalar mesons the identity of our
amplitudes to the well known CGLN amplitudes is explic-
itly shown. The formulas are given explicitly in the form
used by the Crystal Barrel at ELSA collaboration in the
analysis of single and double meson photoproduction.
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Appendices
A Properties of Legendre polynomials

The recurrent expression for Legendre polynomials is given

by

2L -1
L

z Pr_1(z) — % Pr_s(2) (162)

PL(Z) =
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The first and second derivative of the Legendre polynomi-
als can be expressed as

Pp(z) = LPL?l(i):ZZz fle) _ (L+1)= Pf_ ZP2L+1
(163
Py = 2 P(2) —1L_(52+ 1) P(2)
2P;  1(2) = (L+1)(L +2) Pr(z)

= — (164)

Some other useful expressions given here for convenience
are:

P, =P, z—LPy, P, =P, z+(L+1) P

P£+1_P£—1 = (2L+1)PLa
Pl —P/_, = 2L+1)P;

B Properties of angular momentum operators

In the following we list useful properties of angular mo-
mentum operators.

Xt (@) X8 o, (k) = (165)
Qp k q1
k2 )" 2\n+1|_ _Mp pr L p!
n+1(\/ 1) (\/qL) = n+\/i n+1
X o la) X5 (k)=
1.1 L.l
Qp—1 n n 9,9, k k
SR )" s - (B e
L
J_kj_+kj_
P +2zP) +
(B ) e

J_kJ_ kJ_

VRV

(S

Xt | (qu) X (k) =
(2)
2w e [y (X
L — k2\n n+2 #7P//
3 (7’L+ 1)(n + 2)( J_) ( qJ_) QL n+2 +
Xﬁ)(lu) _3kpar +kygy — 39 (ktet) o,
k2 n 2 /_k/’i /_qﬁ_ n+1
(167)
X(n) (qJ_)OTW ’YnX(") (k )
ay2...Yn 1Bz §B2.. 1
n gr n
X(gc'v)z %(q ) HXE(’Yz) n (k/’i)—i_
n—1sen (n)
T n Xa#'vs a4 )XET'Vs (kL) =
2n=1) (n (n)
mXc(w% @)Xy o, (k1) (168)

C Blatt-Weisskopf formfactors

If a resonance with radius r decays into two particle with
(squared) momentum k?:

12— (8= (mi+ma)?)(s — (m1 —my))?
4s ’
where s is total energy and m and mo are masses of the fi-

nal particles, then the first few expressions for formfactors
F(L,k? r) are

(169)

F(0,k%r) =1
1
Pk = YD
243 9
F(2,k%r) = w (170)
3 2
FG K ) = V(@3 + 6 T;L 45z + 225)
9 Vo4 + 1023 + 13522 + 1575z + 11025
F(4,k%r) = 1 ;

r

where z = k%r2. Remember that
r(GeV 1) = r(fm)/(0.1973(fmGeV)).

D Structure of amplitudes for t-channel and u-channel
exchanges

D1 t-channel amplitudes

For the photoproduction of a single neutral pion, p and w
exchanges play a significant role. The exchange of a 7% is
forbidden since the photon does not couple to a neutral
pion. When charged pions are produced the pion exchange
diagram can play an important role. The upper vertex

(166) function for pion exchange is

1 G2u920
Aupper = €M§(k2 + k/’t)u(guu - #) =
q2u.92v
E,uktl/ (gp,l/ - ;:12 ) (171)

™

The lower vertex function is described by a N — @ N
transition. Thus

A= b (g0 — PEF)a(@)N (ki Julkr) (172)

T

Remember that for single meson production

1 Q1010 D

1 _ . = p

kl,u = 5([{1 — kt)v(g,uu - q% ) = k1, (g,ul/ - q% )
(173)

This expression can be easily extended to the case of
double meson photoproduction. If the intermediate baryon
has spin 1/2 one obtains

q2p.92v
A* =k ( - “—)
uftv | Guv m2

(qia) DXLV Nk 1, y174)

u(q)N* NG
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Here the ’-” amplitude corresponds to a 1/2% intermediate
state, the '+’ to a 1/27 state,
kf‘u = k1 (9 — (@1 + @)u(@1 + @2)u/512) . (175)
the definition of g5 is given in eqn.(132) and the notation
of momenta is shown in Fig. 3.
For an intermediate resonance with spin J = L +1/2
the amplitude structure reads

q2p92v ) —
Ai = Euktu (gul/ - #)u(ql)Noﬁag...an (qf_Q)

T

+
Fgfﬁf.ﬂ? (q1 + Q2)N5152,,,3L (kf_)u(kl) (176)
The upper vertex for p-meson production due to pion
exchange has the following structure

1
Aupper = Eu€uafy 5((13 - QQ)QQQIJ k?’y =

Eu€paBy 430923 k?’y ) (177)
while the lower vertex has the same structure as the 7V
scattering amplitude. Therefore
A= ey Gaaten oy Ala)N~(ku(ky)  (178)
Here ki is given by eq.(173).
The p meson can also be produced by Pomeron or fy
exchange. The upper vertex for such a caseis €, % (3—92)p
and the amplitude is equal to

1 _
A=euzlas — @)ui(q)NT (ki )ulk:)  (179)
The next amplitude which we consider is the fy pro-
duction due to p (or w) t-channel exchange. Such an am-
plitude has the structure:

. ki ke
Al :e,u(g,uuf t;];?t

Jala)VS D (i yulka) i = 1,2

(180)

D2 u-channel amplitudes

pky

(d,)

Fig. 4. The u-channel exchange diagram for photoproduction
of single mesons

Apart from meson exchange amplitudes (which we de-
fine as t-channel exchanges), mesons can be produced from
baryon exchange in the u-channel. An example of such a
diagram is given in Fig. 4. For nucleon exchange, the ver-
tex for meson production (the lower vertex) is defined by

(k)N (a8 Yu(ky) Fu=ki— g (181)
Here the N~ vertex describes the production of a pseu-
doscalar meson. Further,

ki.k 1
1phly
= v 5 - ku v —
q2u (9# m% ) 92 (q2 )

kl,uklu
v v 182
(0~ 25 )0 (152)
(d,)
p(a,)

pky)

m(d,)

Fig. 5. A u-channel exchange diagram for production of a
baryon resonance in photoproduction of two mesons

If the reaction is induced by a meson the upper vertex
has the same structure

w(q1) N~ (ky u(ky) (183)
where
Qpqiv \ 1 Q1910
kfiu = (g,w - 7:L2 ) §(k2 - ku)l/ = (g;,w - 7:L2 ) k21/
P P

The angular dependent part of the amplitude for the nu-
cleon exchange diagram is

merl;:u
m2 — k2

A=u(q)N™ (ky) N~ (g )u(k)  (184)

In the case of photoproduction the upper vertex is defined
by Vﬂ(z_):

mp +

A" = e, u(q)VO (ky) N~ (g3 )u(ks), i=1,2

m2 — k2
(185)
The production of 0% states in double meson pro-

duction can be obtained from egs.(184,185) by replacing
N~(g3) by N*(az).
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In the case when a baryon resonance with J = L +
1/2 is produced in the intermediate state (see Fig. 5) the
amplitude for meson induced reaction has the structure

A=Uq)NG 0y ap (@32 FG52050 (1 + q2)
(i) Lt Ho

Nji gy, (k2 WN_(%L)U(M) (186)
and for v* induced reactions

AE =a(q)VIE) L (G2)FSS2 0 (g + ¢2)

Ny ) 2N (gt (187)

2 _ 12
my — kg
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